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PERTURBATION BOUNDS OF MARKOV SEMIGROUPS ON
ABSTRACT STATES SPACES
NAZIFE ERKURS¸UN-O¨ZCAN1 AND FARRUKH MUKHAMEDOV2∗
Abstract. In order to successfully explore quantum systems which are perturba-
tions of simple models, it is essential to understand the complexity of perturbation
bounds. We must ask ourselves: How quantum many-body systems can be artificially
engineered to produce the needed behavior. Therefore, it is convenient to make use
of abstract framework to better understand classical and quantum systems. Thus,
our investigation’s purpose is to explore stability and perturbation bounds of positive
C0-semigroups on abstract state spaces using the Dobrushin’s ergodicity coefficient.
Consequently, we obtain a linear relation between the stability of the semigroup and
the sensitivity of its fixed point with respect to perturbations of C0-Markov semi-
groups. Our investigation leads to the discovery of perturbation bounds for the time
averages of uniform asymptotically stable semigroups. A noteworthy mention is that
we also prove the equivalence of uniform and weak ergodicities of the time averages
Markov operators in terms of the ergodicity coefficient, which shines a new light onto
this specific topic. Lastly, in terms of weighted averages, unique ergodicity of semi-
groups is also studied. Emphasis is put on the newly obtained results which is a new
discovery in classical and non-commutative settings.
1. Introduction
Constructing simplified models is the main focus to successfully capture the under-
lying physics of real materials, appropriate in the circumstance where explanation of
their physical properties and behavior are important. For example, in quantum infor-
mation theory, it is essential to find the applications of constructing simplified models
by the artificially engineered quantum many-body systems to produce a specific be-
havior. While studying theoretical models of many-body physics, it is crucial that the
properties of the model are stable under perturbations to the model itself. If the phys-
ical predictions of a model undergo dramatic changes when the local interactions are
modified by a small amount, it is difficult to argue that the idealized model captures
the correct physics of the real physical system. Similarly, if the correct behavior of an
engineered quantum system relies on infinitely precise control of all the local interac-
tions, the proposal will not be of much practical use. Thus, it is critical to go beyond
stability of closed systems, and derive stability results for open, dissipative systems
(see[26, 34, 39]) in justifying theoretical models of real, noisy physical many-body sys-
tems. Simultaneously, in the new proposals as well, for exploiting dissipation to carry
out quantum information processing tasks. These kinds of investigations lead to per-
turbation theory for quantum dynamical systems defined on some operator algebras.
Besides this, current literature gives plenty of very recent examples of applications of
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Markov chain perturbation bounds, including computational statistics and climate sci-
ence, see [5, 7, 23, 38, 40, 41]. We point out that the main results of the present paper
also could be applied to the mentioned Markov chains by choosing an appropriate state
space. Moreover, more accurate perturbation bounds for them is obtainable.
If we consider a classical Markov process on a general state space (E,F , µ) given
by the transition probabilities P (t, x,A), then one can define a semigroup as follows:
Ttf(x) =
∫
f(y)P (t, x, dy), which acts on L1(E,µ)-space (see [24] for more details).
Hence, the theory of perturbations [22, 27] can be reformulated in terms of the defined
semigroup defined on L1(E,µ)-space which is an ordered Banach space (lattice) w.r.t.
the standard ordering. There are many papers devoted to the investigation of stability
and ergodic properties of semigroups defined on Banach lattices [3, 24, 25].
On the other hand, it is convinient and important to study several properties of
physical and probabilistic processes in abstract framework due to the classical and
quantum cases confined to this scheme(see [1]) where we can observe some aspects and
applications put to work in [23, 35]. It is noteworthy to mention that in this abstract
scheme, one considers an ordered normed spaces and mappings of these spaces (see
[1, 9]). Moreover, in this setting, certain ergodic properties of Markov operators are
considered and investigated in [3, 4, 5, 13, 36].
Our purpose is to investigate stability and perturbation bounds of positive C0-
semigroups defined on abstract state spaces (i.e. ordered Banach spaces). Roughly
speaking, an abstract state space is an ordered Banach space with additivity property
on the cone of positive elements. Such spaces contain all classical L1-spaces and the
space of density operators acting on some Hilbert space [1, 21]. We refer the reader
to [4] (see also [2]) for more information about the structure of positive semigroups
defined ordered spaces. In the investigation of C0-semigroups it is important to em-
ploy methods of spectral analysis of operators.This spectral approach can be found in
the standard textbooks as [19] . On non-spectral analysis of asymptotic behavior of
positive semigroups especially on semigroups of positive operators on ordered Banach
spaces is given in [9].
We notice that averages of operators appear in many fields of mathematics, in theo-
retical physics and in other areas in science. It is a natural question to ask its conver-
gence behavior with respect to various kinds of convergence. In the present paper, we
are going to investigate perturbation bounds of averages of C0-semigroup of Markov
operators defined on abstract state spaces. Basically, our main tool to study asymp-
totical stability of the semigroups will be so-called Dobrushin’s ergodicity coefficient.
We notice that the mentioned coefficient has been introduced in [32, 33] for positive
mappings defined on base normed spaces (or abstract state spaces). In [11] we have
announced several perturbation results for single Markov operator on ordered Banach
spaces. On the various convergence theorems, to determine the conditions is not easy
and also many important operators can not be directly used. One of the ways is to
construct the given semigroups from simpler ones. Perturbation is the standard meth-
ods for this approach. Therefore, it is important to determine a class of operators that
is A+B which is still the generator of a semigroup. A class of operators admissible in
this sense is the class of bounded operators. Since, the coefficient is one of the effective
tools in investigating limiting behavior of classical Markov processes (see [20, 37] for
review), therefore, in the present paper, we are going to study one of the questions that
ask how sensitive stationary states are related to perturbations of uniform asymptotical
stability (i.e. rapid mixing in physical terminology) of Markov semigroups.
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The paper is organized as follows. In Section 3, we first establish uniform asymptot-
ical stability for C0-Markov semigroups (defined on abstract state spaces) in terms of
Dobrushin’s ergodicity coefficient. Consequently, we obtain a linear relation between
the stability of the semigroup and the sensitivity of its fixed point with respect to
perturbations of Markov operators. Moreover, we establish perturbation bounds for
the time averages of the uniform asymptotically stable semigroups. In Section 4, we
go on to prove the equivalence of uniform and weak ergodicities of the time averages
Markov operators in terms of the ergodicity coefficient which is a new insight to this
topic. This result allows us to produce certain perturbation bounds for such kind of
semigroups. In the last section 5, we study unique ergodicity and its relation to the
convergence of weighted averages. Note that the considered Banach space contains as
a particular case of several interesting operator spaces such as von Neumann algebras,
Jordan algebras. Therefore, our results can be applied to semigroups acting on these
spaces which have many applications in quantum theory [35]. We stress that when the
von Neumann algebra is taken as a matrix algebra, some particular cases of the present
paper were studied in [39]. Moreover, the results of the last sections even new in the
classical and quantum settings.
We emphasize that in the present paper, we are going to consider a general abstract
state space for which the convex hull of the base K and −K is not assumed to be
radially compact (in our previous papers [11, 32, 33] this condition was essential). This
consideration has an important advantage: whenever X is an ordered Banach space
with a generating cone X+ whose norm is additive on X+, then X admits an equivalent
norm which coincides with the original norm on X+ and which renders X such a base
norm space. Hence, to apply the results of the paper one would then only have to check
that the norm is additive on X+.
2. Preliminaries
In this section we recall some necessary definitions and fact about ordered Banach
spaces.
Let X be an ordered vector space with a cone X+ = {x ∈ X : x ≥ 0}. A subset K
is called a base for X, if one has K = {x ∈ X+ : f(x) = 1} for some strictly positive
(i.e. f(x) > 0 for x > 0) linear functional f on X. An ordered vector space X with
generating cone X+ (i.e. X = X+ −X+) and a fixed base K, defined by a functional
f , is called an ordered vector space with a base [1]. In what follows, we denote it as
(X,X+,K, f). Let U be the convex hull of the set K ∪ (−K), and let
‖x‖K = inf{λ ∈ R+ : x ∈ λU}.
Then one can see that ‖ · ‖K is a seminorm on X. Moreover, one has K = {x ∈ X+ :
‖x‖K = 1}, f(x) = ‖x‖K for x ∈ X+. Assume that the seminorm becomes a norm, and
X is complete w.r.t. this norm and X+ is closed, then (X,X+,K, f) is called abstract
state space. In this case, K is a closed face of the unit ball of X, and U contains the
open unit ball of X. If the set U is radially compact [1], i.e. ℓ ∩ U is a closed and
bounded segment for every line ℓ through the origin of X, then ‖ · ‖K is a norm. The
radially compactness is equivalent to U coincides with the closed unit ball of X. In
this is case, we will call X a strong abstract state space. In the sequel, for the sake of
simplicity instead of ‖ · ‖K we will use usual notation ‖ · ‖. We refer the reader to [42]
where the difference between the strong ASS and a more general class of base norm
spaces is discussed.
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We recall some elementary definitions and results. The positive cone X+ of an
ordered Banach space X is said to be λ-generating if, given x ∈ X , we can find
y, z ∈ X+ such that x = y+ z and ‖y‖+ ‖z‖ ≤ λ‖x‖. The norm on X is called regular
(respectively, strongly regular) if, given x in the open (respectively, closed) unit ball of
X, we can find y in the closed unit ball with y ≥ x and y ≥ −x . The norm is said
to be additive on X+ if ‖x + y‖ = ‖x‖ + ‖y‖ for all x, y ∈ X+. We notice that if X+
C is 1-generating, then one can show that X is strongly regular. Similarly, if X+ is
λ-generating for all λ > 1, then X is regular [42]. The following results are well-known.
Theorem 2.1. [43] Let X be an ordered Banach space with closed positive cone X+.
The following statements are equivalent:
(i) X is an abstract state space;
(ii) X is regular, and the norm is additive on X+;
(iii) X+ is λ-generating for all λ > 1, and the norm is additive on X+.
Theorem 2.2. [42] Let X be an ordered Banach space with closed positive cone X+.
The following statements are equivalent:
(i) X is a strong abstract state space;
(ii) X is strongly regular, and the norm is additive on X+;
(iii) X+ is 1-generating and the norm is additive on X+.
Let A be a real ordered linear space and as before A+ denotes the set of positive
elements of A. An element e ∈ A+ is called order unit if for every a ∈ A there exists
a number λ ∈ R+ such, that −λe ≤ a ≤ λe. If the order is Archimedean then the
mapping a→ ‖a‖e = inf{λ > 0 : λe ≤ a ≤ λe} is a norm. If A is a Banach space with
respect to this norm, the the pair (A, e) is called an order-unit space with the order
unit e.
Let us provide some examples of ASS.
1. Let M be a von Neumann algebra. Let Mh,∗ be the Hermitian part of the
predual space M∗ of M . As a base K we define the set of normal states of M .
Then (Mh,∗,M∗,+,K,1I) is a strong ASS, where M∗,+ is the set of all positive
functionals taken from M∗, and 1I is the unit in M .
2. Let (A, e) be an order-unit space. An element ρ ∈ A∗ is called positive if
ρ(x) ≥ 0 for all a ∈ A+. By A∗+ we denote the set of all positive functionals.
A positive linear functional is called a state if ρ(e) = 1. The set of all states is
denoted by S(A). Then it is well-known [1] that (A∗, A∗+, S(A), e) is a strong
ASS.
3. Let X be a Banach space over R. Consider a new Banach space X˜ = R ⊕ X
with a norm ‖(α, x)‖ = max{|α|, ‖x‖}. Define a cone X˜+ = {(α, x) : ‖x‖ ≤
α, α ∈ R+} and a positive functional f(α, x) = α. Then one can define a base
K = {(α, x) ∈ X˜ : f(α, x) = 1}. Clearly, we have K = {(1, x) : ‖x‖ ≤ 1}.
Then (X˜, X˜+, K˜, f) is an abstract state base-norm space [21]. Moreover, X
can be isometrically embedded into X˜. Using this construction one can study
several interesting examples of ASS. In particularly, one considers as X = ℓp,
1 < p <∞.
4. Let A be the disc algebra, i.e. the sup-normed space of complex-valued functions
which are continuous on the closed unit disc, and analytic on the open unit disc.
Let X = {f ∈ A : f(1) ∈ R}. Then X is a real Banach space with the following
positive cone X+ = {f ∈ X : f(1) = ‖f‖} = {f ∈ X : f(1) ≥ ‖f‖}. The space
X is ASS, not strong ASS (see [42] for details).
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Let (X,X+,K, f) be an ASS. A linear operator T : X → X is called positive, if
Tx ≥ 0 whenever x ≥ 0. A positive linear operator T : X → X is said to be Markov,
if T (K) ⊂ K. It is clear that ‖T‖ = 1, and its adjoint mapping T ∗ : X∗ → X∗ acts in
ordered Banach space X∗ with unit f , and moreover, one has T ∗f = f . Note that in
case of X = Rn, X+ = R
n
+ and K = {(xi) ∈ Rn : xi ≥ 0,
∑n
i=1 xi = 1}, then for any
Markov operator T acting on Rn, the conjugate operator T ∗ can be identified with a
usual stochastic matrix. Now for each y ∈ X we define a linear operator Ty : X → X
by Ty(x) = f(x)y.
The main object in this paper is a strongly continuous semigroup or C0-semigroup
on a Banach space X is a map Tt : R+ → L(X) such that
(i) T0 = I, identity operator on X;
(ii) ∀t, s ≥ 0 : Tt+s = TtTs;
(iii) ∀x0 ∈ X : ‖Ttx0 − x0‖ → 0, as t ↓ 0.
The first two axioms are algebraic, and state that T = (Tt) is a representation of the
semigroup (R+,+); the last is topological, and states that the map T is continuous in
the strong operator topology.
Let T = (Tt)t≥0 be a C0-semigroup. If for each t ∈ R+ the operator Tt is Markov,
then T = (Tt)t≥0 is called a C0-Markov semigroup. An element x0 ∈ X is called a
fixed point or stationary point of T = (Tt)t≥0 if one has Ttx0 = x0 for all t ∈ R+. In
[4] a basic structure of positive semigroups defined on ordered Banach spaces is given.
We refer the reader to [7, 5, 41], for more concrete examples of Markov semigroups
associated with certain physical systems.
We denote
At(T ) = 1
t
∫ t
0
Tsds, t ∈ R+.
We notice that the integral above is taken with respect to the strong operator topology.
Definition 2.3. A T = (Tt)t≥0 be a C0-Markov semigroup defined on X is called
(i) uniform asymptotically stable if there exist an element x0 ∈ K such that
lim
t→∞ ‖Tt − Tx0‖ = 0;
(ii) uniform mean ergodic if there exist an element x0 ∈ K such that
lim
t→∞
∥∥∥∥At(T )− Tx0
∥∥∥∥ = 0;
(iii) weakly ergodic if one has
lim
t→∞ supx,y∈K
‖Ttx− Tty‖ = 0;
(iv) weakly mean ergodic if one has
lim
t→∞ supx,y∈K
‖At(T )x−At(T )y‖ = 0.
Remark 2.4. We notice that uniform asymptotical stability implies uniform mean er-
godicity. Moreover, if T is uniform mean ergodic, then x0 corresponding to Tx0 , is a
fixed point of T . Indeed, TtTx0 = Tx0 , which yields Ttx0 = x0 for all t ∈ R+. We stress
that every uniformly mean ergodic Markov operator has a unique fixed point.
Let (X,X+,K, f) be an ASS and T : X → X be a Markov operator. Letting
(2.1) N = {x ∈ X : f(x) = 0},
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we define
(2.2) δ(T ) = sup
x∈N, x 6=0
‖Tx‖
‖x‖ .
The quantity δ(T ) is called Dobrushin’s ergodicity coefficient of T (see [32]).
Remark 2.5. We note that if X∗ is a commutative algebra, the notion of the Dobrushin
ergodicity coefficient was studied in [6],[8]. In a non-commutative setting, i.e. when
X∗ is a von Neumann algebra, such a notion was introduced in [31]. We should stress
that such a coefficient has been independently defined in [17]. Furthermore, for par-
ticular cases, i.e. in a non-commutative setting, such a coefficient explicitly has been
calculated for quantum channels (i.e. completely positive maps). Moreover, its physical
interpratations and applications to concrete quantum physical systems can be found
in [7, 38, 41]. In these settings, X∗ is taken as certain C∗-algebra associated with the
system.
The next result establishes several properties of Dobrushin ergodicity coefficient.
Theorem 2.6. Let (X,X+,K, f) be an abstract state space and T, S : X → X be
Markov operators. The following statements hold:
(i) 0 ≤ δ(T ) ≤ 1;
(ii) |δ(T ) − δ(S)| ≤ δ(T − S) ≤ ‖T − S‖;
(iii) δ(TS) ≤ δ(T )δ(S);
(iv) if H : X → X is a linear bounded operator such that H∗(f) = 0, then ‖TH‖ ≤
δ(T ) ‖H‖;
(v) If X+ is λ-generating, then one has
(2.3) δ(T ) ≤ λ
2
sup
u,v∈K
‖Tu− Tv‖ ;
(vi) if δ(T ) = 0, then there exists y0 ∈ X+ such that T = Ty0.
Proof. The statements (i)-(iv), (vi) have been proved in [32]. We only need to prove
(v). Let x ∈ N . Then one can find x+, x− ∈ X+ such that x = x+ − x− with
‖x+‖ + ‖x−‖ ≤ λ‖x‖. The equality f(x) = 0 implies f(x+) = f(x−) which means
‖x+‖ = ‖x−‖. Hence, we have ξ := ‖x+‖ = ‖x−‖ ≤ λ2‖x‖, so by denoting
u =
1
‖x+‖x+, v =
1
‖x−‖x−
one finds x = ξ(u− v). Consequently, one gets
‖Tx‖
‖x‖ =
ξ‖T (u− v)‖
‖x‖ ≤
λ
2
‖Tu− Tv‖,
this together with (2.2) yields the required assertion. 
Remark 2.7. We point out that if X is a strong abstract state space (i.e. X+ is 1-
generating), then an analogous fact as Theorem 2.6 (v) has been proved in [32], and in
this case (2.3) reduces to
(2.4) δ(T ) =
1
2
sup
u,v∈K
‖Tu− Tv‖ .
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3. Uniform asymptotic stability Perturbation Bounds of C0-Markov
semigroups
In this section, we prove uniform asymptotic stability of C0-Markov semigroups in
terms of the Dobrushin’s ergodicity coefficient. This allows us to establish perturbation
bounds for the semigroups using the ergodicity coefficient. The following result is an
continuous time analogue of Theorem 3.5 [32]. For the sake of completeness we will
prove it.
Theorem 3.1. Let (X,X+,K, f) be an abstract state space and T = (Tt)t≥0 be a
C0-Markov semigroup on X. Then the following statements are equivalent:
(i) T is weakly ergodic;
(ii) there exists t0 ∈ R such that δ(Tt0) < 1;
(iii) T is uniformly asymptotical stable. Moreover, there are positive constants
C,α, t0 ∈ R and x0 ∈ K such that
(3.1) ‖Tt − Tx0‖ ≤ Ce−αt, ∀t ≥ t0.
Proof. The implication (i)⇒ (ii) immediately follows from Theorem 2.6(v), and (iii)
⇒ (i) is obvious. Therefore, it is enough to establish the implication (ii)⇒ (iii). Let
t0 ∈ R+ such that δ(Tt0) < 1. We put ρ := δ(Tt0). Clearly, 0 < ρ < 1. Since for every
t ∈ R, Tt is a Markov operator, from Theorem 2.6 (iii) we obtain
(3.2) δ(Tt) = δ(T[t/t0 ]t0+r) ≤ δ(Tt0)[t/t0] ≤ ρ[t/t0] → 0, as t→∞,
where [a] denotes the integer part of a number a and 0 ≤ r < t0.
Now let us show that T is a Cauchy net with respect to the norm. Indeed, thanks
to Theorem 2.6 (iv) and (3.2) one has
‖Tt − Tt+s‖ =
∥∥T[t/t0]t0+r − T([t/t0]t0+r)+s∥∥
≤ δ(Tt0)[t/t0] ‖Tr − Tr+s‖
≤ 2δ(Tt0)[t/t0] → 0 as t→∞.(3.3)
Therefore, there is an operator Q such that ‖Tt −Q‖ → 0. One can show that Q
is a Markov operator. To show Q = Tx0 for some x0 ∈ X+, it is enough to establish
δ(Q) = 0. Indeed, from
|δ(Tt)− δ(Q)| ≤ ‖Tt −Q‖ and lim
t→∞ δ(Tt) = 0,
we infer that δ(Q) = 0. This completes the proof. 
Remark 3.2. From this theorem we immediately conclude that if at least one operator
Tt0 (for some t0 ∈ R+) of a C0-Markov semigroup T = (Tt)t≥0 is uniformly asymptotical
stable, then whole semigroup T is uniform asymptotically stable. We point out that in
[32, 33] the space X was strong ASS and the semigroup is taken to be discrete {T n}.
Remark 3.3. In the classical setting, i.e. if X = L1(E,µ), then a similar kind of result
has been established in [28].
To establish perturbation bounds for C0-semigroups, we need some auxiliary well-
known facts (see [15] for the proofs).
Theorem 3.4. Let (A,D(A)) be the generator of a C0-semigroup T = (Tt)t≥0 on a
Banach space X satisfying
‖Tt‖ ≤Mewt ∀t ≥ 0
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and some w ∈ R,M ≥ 1. If B ∈ L(X), then C := A+B with D(C) := D(A) generates
a C0-semigroup S = (St)t≥0 satisfying
‖St‖ ≤Me(w+M‖B‖)t ∀t ≥ 0.
Moreover, for a representation formula for this new semigroup, it satisfies an integral
equation.
Stx = Ttx+
∫ t
0
Tt−sBSsxds
holds for every t ≥ 0 and x ∈ X.
Out first result about perturbation bounds is the following result.
Theorem 3.5. Let (X,X+,K, f) be an abstract state space and S = (St)t≥0, T =
(Tt)t≥0 be C0-Markov semigroups on X with generators A and C, respectively, satisfying
B := C −A is bounded. If there exists ρ ∈ [0, 1) and t0 ∈ R such that δ(Tt0) ≤ ρ, then
one has
‖Ttx− Stz‖ ≤(3.4) 

‖x− z‖+ t ‖B‖ , ∀t ≤ t0,
ρ[t/t0] ‖x− z‖+
(t0(1− ρ[t/t0])
1− ρ + ρ
[t/t0](t− t0[t/t0])
)
‖B‖ , ∀t > t0
for every x, z ∈ K.
Proof. From Theorem 3.4, for each t ∈ R, we have
(3.5) Stx = Ttx+
∫ t
0
Tt−sBSsxds.
Let x, z ∈ K, it then follows from (5.5) that
Ttx− Stz = Ttx− Ttz −
∫ t
0
Tt−sBSszds
= Tt(x− z)−
∫ t
0
Tt−sBSszds
using change of variable for t-s= s, then we have
= Tt(x− z)−
∫ t
0
TsBSt−szds
= Tt(x− z)−
∫ t
0
TsBzsds
where zs := St−sz. Hence,
(3.6) ‖Ttx− Stz‖ ≤ ‖Tt(x− z)‖+
∫ t
0
‖TsB(zs)‖ .
The Markovianity of Tt, St and Theorem 2.6 (iv) imply that
‖Ts ◦B(zs)‖ ≤ δ(Ts) ‖B‖ , ‖Tt(x− z)‖ ≤ δ(Tt) ‖x− z‖ .
Hence, from (3.6) we obtain
‖Ttx− Stz‖ ≤ δ(Tt) ‖x− z‖+ ‖B‖
∫ t
0
δ(Ts)ds.(3.7)
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Moreover if t > t0 and t/t0 is not an integer, then δ(Tt) < 1 implies that δ(Tt) <
δ(Tt0)
[t/t0] < ρ[t/t0]. So by Riemann integral, we obtain∫ t
0
δ(Ts)ds ≤ t0(1 + δ(Tt0) + δ(Tt0)2 + · · ·+ δ(Tt0)[t/t0]−1) + δ(Tt0)[t/t0](t− t0[t/t0])
=
t0(1− δ(Tt0)[t/t0]−1)
1− δ(Tt0)
+ δ(Tt0)
[t/t0](t− t0[t/t0]), ∀t > t0.(3.8)
Hence, the last inequality with (3.7) yields the required assertion. 
Remark 3.6. Note that this result extends all existing results (see [29, 30, 39]) for
general spaces. In particularly, if we take as X a predual of any von Neumann algebra,
then we extend the result of [39] (where it was proved similar result for matrix algebras)
for arbitrary von Neumann algebras.
Corollary 3.7. Let the conditions of Theorem 3.5 be satisfied. Then for every x, y ∈ K
one has
(3.9) sup
t≥0
‖Ttx− Stz‖ ≤ ‖x− z‖+ t0
1− ρ ‖B‖ .
In addition, if S is uniformly asymptotical stable to Sz0 then
(3.10) ‖Tx0 − Sz0‖ ≤
t0
1− ρ ‖B‖ .
Proof. The inequality (3.9) is a direct consequence of (3.4). Now taking the limit as
t→∞ in (3.7) we immediately find
‖Tx0 − Sz0‖ ≤ ‖B‖
∫ ∞
0
δ(Ts)ds.
From (3.8) it follows that
‖Tx0 − Sz0‖ ≤ ‖B‖
t0
1− ρ.
This completes the proof. 
The following theorem gives an alternative method of obtaining perturbation bounds
in terms of δ(Tt0).
Theorem 3.8. Let the conditions of Theorem 3.5 be satisfied. Then for every x, z ∈ K
one has
‖Ttx− Stz‖ ≤ δ(Tt0)⌊t/t0⌋(‖x− z‖+ sup
0<t<t0
‖Tt − St‖)(3.11)
+
1− δ(Tt0)⌊t/t0⌋
1− δ(Tt0)
‖Tt0 − St0‖ , t ∈ R+.
Proof. If t < t0 then by the inequality
‖Ttx− Stz‖ ≤ ‖Ttx− Stx‖+ ‖St(x− z)‖
≤ ‖x− z‖+ ‖Tt − St‖ ,
we have (3.11).
If t ≥ t0, we obtain
Ttx− Stz = Tt0(Tt−t0x)− St0(St−t0z)
= Tt0(Tt−t0x− St−t0z) + (Tt0 − St0)St−t0z.
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Therefore,
‖Ttx− Stz‖ ≤ ‖Tt−t0x− St−t0z‖ δ(Tt0) + ‖Tt0 − St0‖ .
If we continue to apply this relation to
‖Tt−t0x− St−t0z‖ , · · · ,
∥∥Tt−t0(⌊t/t0⌋−1)x− St−t0(⌊t/t0⌋−1)z∥∥
we obtain
‖Ttx− Stz‖ ≤ δ(Tt0)⌊t/t0⌋(‖x− z‖+ sup
0<t<t0
‖Tt − St‖)
+
(
δ(Tt0)
⌊t/t0⌋−1 + δ(Tt0)
⌊t/t0⌋−2 + · · ·+ 1
)
‖Tt0 − St0‖ ,
= δ(Tt0)
⌊t/t0⌋(‖x− z‖+ max
0<t<t0
‖Tt − St‖)
+
1− δ(Tt0)⌊t/t0⌋
1− δ(Tt0)
‖Tt0 − St0‖ .

Theorem 3.9. If δ(Tt0) < 1 for some t0 ∈ R+, then every C0-Markov semigroup
S = (St)t≥0 satisfying ‖St0 −Tt0‖ < 1− δ(Tt0) is uniformly asymptotical stable and has
a unique fixed point z0 ∈ K such that
‖x0 − z0‖ ≤ ‖St0 − Tt0‖
1− δ(Tt0)− ‖St0 − Tt0‖
(3.12)
Proof. Take any x ∈ N , then we have
(3.13) ‖St0x‖ ≤ ‖St0 − Tt0x‖+ ‖Tt0x‖ ≤ ρ‖x‖.
where ρ = ‖St0 − Tt0‖ + δ(Tt0) < 1. Hence by (3.13) one gets ‖Snt0x‖ ≤ ρn‖x‖ for all
n ∈ N. Hence (I − St0) is invertible on N .
It is clear that the equation St0z0 = z0 with z0 ∈ K such that (I − St0)(z0 − x0) =
−(I − St0)x0. Since (I − St0)x0 is an element of N , we conclude that
z0 = x0 − (I − St0)−1((I − St0)x0)
is unique. Moreover from the identity
z0 − x0 = Tt0(z0 − x0) + (St0 − Tt0)(z0 − x0) + (St0 − Tt0)x0
and
‖z0 − x0‖ ≤
(
δ(Tt0) + ‖St0 − Tt0‖
)‖z0 − x0‖+ ‖(St0 − Tt0)x0‖
we obtain (3.12).
For every t ∈ R+, one has St0(Stz0) = St(St0z0) = Stz0, and the uniqueness of z0 for
St0 we infer that Stz0 = z0. Now assume that S has another fixed point z˜0 ∈ K. Then
St0 z˜0 = z˜0 which yields z˜0 = z0. Moreover, since δ(St0) < 1, which by Theorem 3.1
yields that S is uniform asymptotically stable as well. This completes the proof. 
The proved theorem yields that if at certain time t0 for given a uniform asymptoti-
cally stable semigroup (Tt) one can find a Markov semigroup (St) such that operators
Tt0 and St0 are very close, then (St) is also uniform asymptotically stable.
Let us turn our attention to bounds on an error of estimation of the averages At(T ).
From Theorems 3.1 and 3.5 we infer the following result.
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Theorem 3.10. Let (X,X+,K, f) be an abstract state space and T = (Tt)t≥0 be C0-
Markov semigroup on X. If there exists t0 ∈ N such that δ(Tt0) < 1, then for every
x ∈ K one has
‖At(T )x− x0‖ ≤
(
t0(1− δ(Tt0)[t/t0]−1)
t(1− δ(Tt0))
+ δ(Tt0)
[t/t0] t− t0[t/t0]
t
)
‖x− x0‖.
Proof. The condition of the theorem yields that the semigroup is uniform asymptoti-
cally stable, i.e. for any x ∈ K one has Ttx→ x0 as t→∞. Hence, we obtain
‖At(T )x− x0‖ ≤ 1
t
∫ t
0
‖x0 − Tsx‖ds
=
1
t
∫ t
0
‖Tsx0 − Tsx‖ds
≤ ‖x− x0‖
t
∫ t
0
δ(Ts)ds
So, applying (3.8) to the last expression, one finds the required assertion. 
Theorem 3.11. Let the conditions of Theorem 3.5 be satisfied. Then for every x, z ∈ K
one has
‖At(T )x−At(S)z‖ ≤
(
t0(1− δ(Tt0)[t/t0]−1)
1− δ(Tt0)
+ δ(Tt0)
[t/t0](t− t0[t/t0])
)(
‖B‖+ ‖x− z‖
t
)
.
Proof. By means of (3.7) we find
‖At(T )x−At(S)z‖ ≤ 1
t
∫ t
0
‖Tux− Suz‖du
=
1
t
∫ t
0
‖Tsx0 − Ts(x)‖ds
≤ ‖x− z‖
t
∫ t
0
δ(Ts)ds +
‖B‖
t
∫ t
0
(∫ s
0
δ(Tu)du
)
ds
≤ ‖x− z‖
t
∫ t
0
δ(Ts)ds + ‖B‖
∫ t
0
δ(Tu)du
=
(‖x− z‖
t
+ ‖B‖
)∫ t
0
δ(Tu)du
So, applying (3.8) to the last expression, one finds the required assertion. 
The proved results in this section demonstrate a direct link between the rate of
convergence to stationarity and stability to perturbations which is an essential principle
in the theory of perturbations. These are universal results holding for many interesting
Markov processes even in classical and non-commutative settings.
4. Uniform mean ergodicity of Cesaro averages of C0-Markov
semigroups
In this section, we are going to establish an analogue of Theorem 3.1 for uniform
mean ergodic Markov semigroups, and provide its application.
Before we prove Theorem 4.2, we need the following auxiliary result.
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Lemma 4.1. Let X be a Banach space and let T be a bounded linear C0-semigroup on
X with spectral radius 1. If the Cesaro averages of T converge to zero with respect to
the operator norm as n→∞, then 0 is contained in the resolvent set of A where A is
the generator of T .
Proof. Assume that zero is the spectral value ofA. Then 0 is the approximate eigenvalue
of A and we can find a corresponding approximate eigenvectors (xn)n∈N. Then by the
equation
Ttxn − xn =
∫ t
0
TsAxnds ∀t > 0
we have ‖Ttxn − xn‖ ≤ t ‖Axn‖ and
lim
n→∞ ‖Ttxn − xn‖ = 0.
For the Cesaro averages of T , 1 becomes the approximate eigenvalues of At(T ) with
approximate eigenvectors (xn)n∈N. It is the contradiction by assumption that At(T )
converge to zero with respect to the operator norm. 
Theorem 4.2. Let (X,X+,K, f) be a strong abstract state space and T = (Tt)t≥0 be
a C0-Markov semigroup on X. Then the following statements are equivalent:
(i) T is weakly mean ergodic;
(ii) There exists t0 ∈ R+ such that δ(At0(T )) < 1;
(iii) T is uniformly mean ergodic.
Proof. By Theorem 2.6 (v) we infer the implication (i)⇒(ii). The implication (iii)⇒(i)
is obvious. Let us prove (ii)⇒ (i).
Assume that there exists t0 ∈ R+ such that δ(At0(T )) < 1. Denote ρ := δ(At0(T )).
Since Tt is a Markov operator on X we have
‖At(T )(I − Ts)‖ ≤
∥∥∥∥1t
∫ t
0
Tudu− 1
t
∫ t
0
TuTsdu
∥∥∥∥
=
∥∥∥∥1t
∫ t
0
Tudu− 1
t
∫ t
0
Tu+sdu
∥∥∥∥ use change of variable as u+ s = z
=
∥∥∥∥1t
∫ t
0
Tudu− 1
t
∫ t+s
s
Tzdz
∥∥∥∥
≤ 1
t
∫ s
0
‖Tu‖ du+ 1
t
∫ t+s
t
‖Tu‖ du ≤ 2s
t
.
Hence, for each s ∈ R+ one gets
‖At(T )(I −As(T ))‖ =
∥∥∥∥At(T )
(
1
s
∫ s
0
(I − Tu)du
)∥∥∥∥
=
∥∥∥∥1s
∫ s
0
At(T )(I − Tu)du
∥∥∥∥
≤ 1
s
∫ s
0
‖At(T )(I − Tu)‖du
≤ 1
s
∫ s
0
2u
t
du
=
s
t
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which implies
(4.1) δ(At(T )(I −As(T )) ≤ ‖At(T )(I −As(T ))‖ ≤ s
t
From Theorem 2.6(ii) one finds
|δ(At(T )At0(T ))− δ(At(T ))| ≤ δ(At(T )(I −At0(T )).
The last inequality with Theorem 2.6(iii) yields that
δ(At(T )(I −At0(T )) ≥ δ(At(T ))− δ(At(T )At0(T ))
≥ δ(At(T ))− δ(At(T ))δ(At0(T ))
≥ (1− ρ)δ(At(T ))(4.2)
So, from (4.1) and (4.2) we obtain
δ(At(T )) ≤ t0
t(1− ρ)
this means lim
t→∞ δ(At(T )) = 0. Hence, taking into account that X is a strong abstract
state space, due to Remark 2.7, one gets (i).
Now, it is enough to prove (i)⇒(iii). Assume T is weakly mean ergodic. Let
N = kerf and we note that N is closed T -invariant subspace of X and X/N is one-
dimensional. Let T| andT/ denote the subspaces semigroup on N and the quotient
semigroup on X/N , respectively. Since N is T -invariant closed subspace of X, then
T| = (Tt|)t≥0 is strongly continous and the restriction of A, A|, becomes the generator
of T| with domain D(A|) = D(A) ∩ N . Moreover the quotient semigroup T/ has the
generator A/ defined by A/ = q(x) = q(Ax) with the domain D(A/) = q(D(A)) where
q : X → X/N is the canonical quotient map.
Since T is weakly mean ergodic, then At(T|) converges to zero in norm . Thus by
Lemma 4.1, 0 is the resolvent set of T|.
On the other hand, I − Tt is not invertible for each t ≥ 0. Hence I − Tt/ is not
invertible. Since X/N is one-dimensional, Tt/ acts as the identitiy for each t on X/N .
Therefore 0 is a first pole of the resolvent of A/. Since 0 is not a spectral value of A|,
0 is a first pole of the resolvent of A. Hence 0 is an eigenvalue of A. 
We notice that in [12] an analogous result for discrete semigroup of Markov operators
has been proved.
Corollary 4.3. Let (X,X+,K, f) be a strong abstract state space and T = (Tt)t≥0 be
a C0-Markov semigroup. If there exist ρ ∈ [0, 1) and t0 ∈ R+ such that δ(At0(T )) ≤ ρ,
then one has
sup
x∈K
‖At(T )x− x0‖ ≤ 2t0
t(1− ρ) ,
where x0 is a unique fixed point of T .
Now we prove an analogue of Theorem 3.9 for At(T ).
Theorem 4.4. Let (X,X+,K, f) be a strong abstract state space and T = (Tt)t≥0 be
a C0-Markov semigroup. If δ(At0(T )) < 1 for some t0 > 0, then every C0-Markov
semigroup S = (St)t≥0 satisfying ‖At0(S) − At0(T )‖ < 1 − δ(At0(T )), is uniformly
mean ergodic and has a unique fixed point z0 ∈ K such that
‖x0 − z0‖ ≤ ‖At0(S)−At0(T )‖
1− δ(At0(T ))− ‖At0(S)−At0(T )‖
,(4.3)
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here as before, x0 is a unique fixed point of T .
Proof. We follow the argument of the proof of Theorem 3.9. First we prove that the
operator (I − At0(S)) is invertible on N (see (2.1)). Indeed, take any x ∈ N , then we
have
‖At0(S)x‖ ≤ ‖(At0(S)−At0(T )x‖+ ‖At0(T )x‖
≤
(
‖(At0(S)−At0(T )‖+ δ(At0(T ))︸ ︷︷ ︸
ρ
)
‖x‖
= ρ‖x‖.(4.4)
Hence by (4.4) one gets ‖(At0(S))nx‖ ≤ ρn‖x‖ for all n ∈ N. Therefore, the series∑
n(At0(S))nx converges. Using the standard technique, one can see that
(I −At0(S))−1x =
∑
n
At0(S)nx
and moreover, ‖(I − At0(S))−1x‖ ≤ ‖x‖1−ρ , for all x ∈ N . This means that (I − At0(S))
is invertible on N .
It is clear that the equation At0(S)z0 = z0 with z0 ∈ K equivalent to
(I −At0(S))(z0 − x0) = −(I −At0(S))x0.
Due to (I −At0(S))x0 ∈ N we conclude the last equation has a unique solution
z0 = x0 − (I −At0(S))−1((I −At0(S))x0).
From the identity
z0 − x0 = At0(T )(z0 − x0) + (At0(S)−At0(T ))(z0 − x0) + (At0(S)−At0(T ))x0
and keeping in mind z0 − x0 ∈ N one finds
‖z0 − x0‖ ≤
(
δ(At0(T )) + ‖At0(S)−At0(T )‖
)‖z0 − x0‖(4.5)
+‖At0(S)−At0(T )‖(4.6)
which implies (4.7).
From At0(S)(Stz0) = St(At0(S)z0) = Stz0, and the uniqueness of z0 for At0(S) we
infer that Stz0 = z0 for all t ∈ R+, i.e. z0 is a a fixed point of S. Moreover, due to (4.4)
one concludes that δ(At0(S)) < 1, which by Theorem 4.2 yields that S is uniformly
mean ergodic. Hence, z0 is a unique fixed point for S (see Remark 2.4). This completes
the proof. 
From Corollary 4.3 and Theorem 4.4 we immediately obtain the following result.
Corollary 4.5. Let the conditions of Theorem 4.4 be satisfied. Then for every x, z ∈ K
one has
sup
x,z∈K
‖At0(T )x−At0(S)z‖ ≤
2t0
t(1− δ(At0(T )))
+
2t0
t(1− δ(At0(T ))− ‖At0(S)−At0(T )‖)
+
‖At0(S)−At0(T )‖
1− δ(At0(T ))− ‖At0(S)−At0(T )‖
.
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Remark 4.6. We note that all obtained results in this section are new even if one takes
X as predual of either a von Neumann algebra or a JBW-algebra. Moreover, they
give new insight between the rate of convergence to stationary points of perturbed
uniform/weak mean ergodic C0-Markov semigroups.
5. Unique ergodicity and weighted averages of C0-Markov semigroups
In this section, we study unique ergodicity of C0-Markov semigroups in terms of
weighted averages.
Let (X,X+,K, f) be an abstract state space. We first recall that a C0-Markov
semigroup T = (Tt)t≥0 defined on X is called uniquely ergodic if T has a unique fixed
point belonging to K.
Remark 5.1. Let T = (Tt)t≥0 be a C0-Markov semigroup. If for some t0 > 0 the
operator Tt0 has a unique fixed point x0 ∈ K, then T is uniquely ergodic. Indeed, due
to Ttx0 = TtTt0x0 = Tt+t0x0 = Tt0Ttx0, so the uniqueness of the fixed point for Tt0 and
Markovianity of Tt imply that Ttx0 = x0 for all t ∈ R+.
A positive function b = b(s) defined on R+ is called a weight if
∫ t
0
b(s)ds → ∞ as
t→∞.
We say that a weight b belongs to the class W if for every s ∈ R+ one has
(5.1) lim
t→∞
∫ t
s |b(u)− b(u− s)|du∫ t
0 b(u)du
= 0.
Let us investigate some properties of the class W.
Proposition 5.2. The following statements hold:
(i) Let b be a weight function. Assume that there is t0 ≥ 0 such that
∫ t0
0 b(s)ds ≤M
(for some M > 0) and b(t) is not decreasing (resp. increasing) for t ≥ t0. Then
b ∈ W;
(ii) if b ∈ W, then for every λ ∈ R+ one has λb ∈ W;
(iii) if b, g ∈ W, then b+ g ∈ W;
(iv) let b, g ∈ W such that b, g are bounded, and one has
(5.2) inf
t∈R+
g(t) ≥ α > 0, inf
t∈R+
b(t) ≥ γ > 0.
Then b · g ∈ W.
Proof. (i). Assume that b is non decreasing. From
lim
t→∞
∫ t
0
b(u)du =∞
we obtain (without loss of generality we may assume that s ≤ t0)∫ t
s |b(u)− b(u− s)|du∫ t
0 b(u)du
≤ 2M∫ t
0 b(u)du
+
∫ t
t0
(b(u) − b(u− s))du∫ t
0 b(u)du
=
2M(t0 − s)∫ t
0 b(u)du
+
∫ t
t0
b(u)du∫ t
0 b(u)du
−
∫ t−s
t0−s b(u)du∫ t
0 b(u)du
→ 0 as t→∞.
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Hence, (5.1) holds, which yields the assertion. Non increasing case can be proceeded
by the same argument.
The statement (ii) is obvious. Let us prove (iii). Assume that b, g ∈ W. Then we
have∫ t
s |b(u) + g(u) − b(u− s)− g(u− s)|du∫ t
0 (b(u) + g(u))du
≤
∫ t
s |b(u) − b(u− s)|du+
∫ t
s |g(u) − g(u− s)|du∫ t
0 (b(u) + g(u))du
≤
∫ t
s |b(u) − b(u− s)|du∫ t
0 b(u)du
+
∫ t
s |g(u) − g(u− s)|du∫ t
0 g(u)du
→ 0 as t→∞
which shows that b+ g ∈ W.
(iv) From (5.2) we obtain∫ t
0
b(u)g(u)du ≥ α
∫ t
0
b(u)du,
∫ t
0
b(u)g(u)du ≥ γ
∫ t
0
g(u)du.
Hence, one gets∫ t
s |b(u)g(u) − b(u− s)g(u− s)|du∫ t
0 b(u)g(u)du
≤
∫ t
s |b(u)||g(u) − g(u− s)|du∫ t
0 b(u)g(u)du
+
∫ t
s |b(u) − b(u− s)||g(u − s)|du∫ t
0 b(u)g(u)du
≤ sup |b|
∫ t
s |g(u) − g(u− s)|du
γ
∫ t
0 g(u)du
+
sup |g| ∫ ts |b(u)− b(u− s)|du
α
∫ t
0 b(u)du
→ 0
as t→∞. This means that b · g ∈ W. 
The proved proposition yields that the class is very huge. Now let us provide some
concrete examples of weight functions b which belongs to W.
Example 5.3. From Proposition 5.2 (i), we immediately find the following weights
which belong to the class W.
b(t) = tα, α > −1;
b(t) = tβ lnγ t, β, γ ≥ 0.
For a given weight function b, let us denote
(5.3) Ab,t(T ) = 1∫ t
0 b(s)ds
∫ t
0
b(s)Tsds
Clearly, if b(t) ≡ 1, then Ab,t(T ) = At(T ).
A main result of this section is the following one.
Theorem 5.4. Let T = (Tt)t≥0 be a C0-Markov semigroup on an abstract state space
X and x0 be a fixed point of T . Then the following conditions are equivalent:
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(i) For every x ∈ X one has
‖At(T )(x)− Tx0x‖ → 0 as t→∞;
(ii) one has X = Cx0 ⊕
⋃
t≥0
(I − Tt)(X);
(iii) For each b ∈ W and every x ∈ X one has
‖Ab,t(T )(x)− Tx0x‖ → 0 as t→∞.
Moreover, (iii) implies
(iv) T is uniquely ergodic.
If there is an order unit space (V, e) such that V ∗ = X, then all (i)-(iv) statements
are equivalent.
Proof. The implications (i)⇔ (ii) follows from [10]. Let us consider the implication
(ii)⇒ (iii). We have
‖Ab,t(T )(I − Tu)‖ =
∥∥∥∥∥ 1∫ t
0 b(s)ds
∫ t
0
b(s)Tsds− 1∫ t
0 b(s)ds
∫ t
0
b(s)Ts+uds
∥∥∥∥∥
=
1∫ t
0 b(s)ds
∥∥∥∥
∫ t
0
b(s)Tsds−
∫ t+u
u
b(s− u)Tsds
∥∥∥∥
≤ 1∫ t
0 b(s)ds
∥∥∥∥
∫ u
0
b(s)Tsds−
∫ t+u
t
b(s− u)Tsds
∥∥∥∥
+
1∫ t
0 b(s)ds
∥∥∥∥
∫ t
u
(b(s)− b(s − u))Tsds
∥∥∥∥
≤
∫ u
0 b(s)ds+
∫ t+u
t b(s− u)ds∫ t
0 b(s)ds
+
1∫ t
0 b(s)ds
∫ t
u
|b(s)− b(s− u)|ds.(5.4)
Since b is weight and (5.1) holds, one gets
(5.5)
1∫ t
0 b(s)ds
∫ t
s
|b(s)− b(u− s)|ds→ 0, 1∫ t
0 b(s)ds
∫ u
0
b(s)ds→ 0 as t→∞.
Moreover, one finds
1∫ t
0 b(s)ds
∫ t+u
t
b(s − u)ds = 1∫ t
0 b(s)ds
∫ t
t−u
b(s)ds
=
1∫ t
0 b(s)ds
(∫ t
0
b(s)ds−
∫ t−u
0
b(s)ds
)
= 1− 1∫ t
0 b(s)ds
∫ t−u
0
b(s)ds→ 0 as t→∞.(5.6)
Hence, from (5.5) and (5.6), due to (5.4), for any u ∈ R+, we obtain
‖Ab,t(T )(I − Tu)‖ → 0 as t→∞.(5.7)
Since x0 is a fixed point of (Tt)t≥0, due to X = Cx0 ⊕ ∪t≥0(I − Tt)(X), for every
x ∈ X, we obtain
lim
t→∞ ‖Ab,t(T )x− Tx0x‖ = 0.
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(iii)⇒ (ii). Let lim
t→∞ ‖Ab,t(T )x− Tx0x‖ = 0. Take an arbitrary x ∈ X. Then
‖Ts(Tx0x)− Tx0x‖ = limt→∞ ‖(Ts − I)Ab,t(T )x‖
= lim
t→∞
∥∥∥∥∥(Ts − I) 1∫ t
0 b(u)du
∫ t
0
b(u)Tuxdu
∥∥∥∥∥
= lim
t→∞
∥∥∥∥∥ 1∫ t
0 b(u)du
∫ t
0
b(u)(Ts+ux− Tux)du
∥∥∥∥∥ = 0
for arbitrary s ≥ 0. So Tx0x ∈ Fix(T ) and also T 2x0x = Tx0Tx0x = Tx0f(x)x0 = Tx0x for
every x ∈ X. Hence Tx0 is a continuous projection onto Fix(T ) and since for each x ∈
X, Tx0x = f(x)x0, we obtain Fix(T ) = Cx0. Therefore we have X = Cx0 ⊕ ker(Tx0).
It is enough to prove that
ker(Tx0) =
⋃
t≥0
(I − Tt)(X).
Let x ∈ ⋃t≥0(I − Tt)(X), then
‖Tx0x‖ = limt→∞ ‖Ab,t(x)‖ = limt→∞ ‖Ab,t(T )(I − Ts)u‖ = 0
which means x ∈ ker(Tx0). For the other inclusion, assume that there exists z ∈
ker(Tx0) \
⋃
t≥0
(I − Tt)(X). Then by Hahn-Banach Theorem, we find g ∈ X∗ such that
g(z) > 0 and g ↾ ⋃
t≥0
(I−Tt)(X)= 0. The last one yields g ◦ Tt = g, ∀t ≥ 0. From this we
obtain
g(Tx0x) = g( limt→∞Ab,tx) = limt→∞ g(Ab,tx)
= lim
t→∞
1∫ t
0 b(u)du
∫ t
0
b(u)g(Tux)du
= lim
t→∞
1∫ t
0 b(u)du
∫ t
0
b(u)g(x)du
= g(x)
Hence, g ◦ Tx0 = g, this implies g(z) = g(Tx0z) = 0, but it contradicts to the choice of
g.
Now we prove the implication (iii) ⇒ (iv). From the statement (iii) we have
‖Ab,t(T )x0 − Tu(Ab,t(T )x0)‖ → ‖x0 − Tux0‖ as t→∞.(5.8)
On the other hand, due to (5.7) one finds
‖Ab,t(T )x0 − Tu(Ab,t(T )x0)‖ = ‖Ab,t(T )x0 −Ab,t(T )(Tux0)‖ → 0
This with (5.8) implies that Tux0 = x0 for all u ∈ R+. So, x0 is a fixed point of T . If
x˜ ∈ K is an other fixed point of T , then from (iv) we obtain
‖x˜− x0‖ = ‖Ab,t(T )x˜− x0‖ → 0 as t→∞
Hence, x˜ = x0, this means x0 is a unique fixed point of T , so T is uniquely ergodic.
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Now let us assume that V ∗ = X, where V is an order unit space. In this case, an
order unit for V is the functional f which generates the base of X. We want to prove
that (iv) implies (i). Assume that the semigroup T is uniquely ergodic, i.e. there is
unique fixed point x0 of T∗. First define a conjugate semigroup operator T∗,t : V → V
as follows:
〈T∗,tu, x〉 = 〈u, Ttx〉, u ∈ V, x ∈ X.
It is clear that T∗,tf = f for all t ∈ R+. The obtained semigroup we denote T∗ =
(T∗,t)t≥0.
By the standard argument, one can show that for every u ∈ Fix(T∗) ⊕
⋃
t≥0
(I −
T∗,t)(V ) we have At(T∗)u→ Pu, where Pu = x0(u)f is a projection onto Fix(T∗). To
complete the proof it is enough to show that kerx0 =
⋃
t≥0
(I − T∗,t)(V ). It is clear that⋃
t≥0
(I − T∗,t)(V ) ⊂ kerx0. To establish the reverse inclusion, we suppose the contrary,
i.e. there is u0 ∈ kerx0 such that u0 /∈
⋃
t≥0
(I − T∗,t)(V ). Then due to Hahn-Banach
theorem, one can find h ∈ V ∗ such that h(u0) = 1 and h ↾ ⋃
t≥0
(I−T∗,t)(V )= 0. The last
one implies Tth = h for all t ∈ R+, i.e. h is a fixed point of T , hence h = λx0 for some
λ ∈ R. This implies h(u0) = 0, which is a contradiction. Therefore,
lim
t→∞ ‖At(T∗)u− Pu‖ = 0, for all u ∈ V.
Hence, due to the duality relation, we infer
lim
t→∞ ‖At(T )x− Tx0‖ = 0, for all x ∈ X.
This completes the proof. 
Corollary 5.5. Let T = (Tt)t≥0 be C0-Markov semigroup on an abstract state space
X such that any condition of Theorem 5.4 is satisfied. Then for every x ∈ X one has
lim
t→∞
1
t
∫ t
0
Ts2ds = Tx0 .
Proof. Let us take a function
b˜(t) =
1√
t
, t ∈ R+
which, thanks to Example 5.3, is a weight belonging to W. It easy to see that∫ t
0
b˜(s)ds = 2
√
t
Therefore, we have
1∫ t
0 b˜(s)ds
∫ t
0
b˜(s)Tsds =
1
2
√
t
∫ t
0
1√
s
Tsds
=
1√
t
∫ √t
0
Tu2du.
Hence, Theorem 5.4 implies the required assertion. 
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Remark 5.6. We stress that all obtained results can be adopted to arbitrary Banach
spaces by considering a construction given in Example 3 (see Section 2). Namely, let
X be a Banach space over R. Consider a new Banach space X˜ = R ⊕X. Let (Tt) be
a C0-semigroup of contractions of X (i.e. ‖Ttx‖ ≤ ‖x‖ for all x ∈ X, t ∈ R+), then
the equality T˜t(α, x) = (α, Ttx) defines a C0- Markov semigroup on X˜ . It is clear that
At(T˜ )(α, x) = (α,At(T )x). Hence, all obtained results can be applied to the C0-Markov
semigroup (T˜t), which allows to produce new types of theorems for the semigroup (Tt).
(i) We note that all obtained results extend the main results of [22, 27, 35] to
abstract state spaces.
(ii) In the above construction if we consider the classical Lp-spaces, then one may
get the perturbation bounds for uniformly asymptotically stable Markov chains
defined on these Lp-spaces. Moreover, if one considers non-commutative Lp-
spaces, then the perturbation bounds open new perspectives into the quantum
information theory (see [5, 35, 38]).
acknowledgement
The authors are grateful to professor A. Mitrophanov for his fruitful discussions and
useful suggestions.
References
1. E.M. Alfsen, Compact convex sets and booundary integrals, Springer-Verlag, Berlin, (1971).
2. L. Arlotti, B. Lods, M. Mokhtar-Kharroubi, On perturbed stochastic semigroups on abstract state
spaces, Z. Anal. Anwend. 30 (2011), 457–495.
3. W. Bartoszek, Asymptotic properties of iterates of stochastic operators on (AL) Banach lattices,
Anal. Polon. Math. 52(1990), 165-173.
4. C. J.K. Batty, D. W. Robinson, Positive one-parameter semigroups on ordered Banach spaces, Acta
Appl. Math. 1 (1984), 221–296.
5. N. Crawford, W. De Roeck, M. Schutz, Uniqueness regime for Markov dynamics on quantum lattice
spin systems, J. Phys. A: Math. Theor. 48 (2015), no. 42, 425203.
6. J. E. Cohen, Y. Iwasa, G. Rautu, M.B. Ruskai, E. Seneta, G. Zbaganu, Relative entropy under
mappings by stochastic matrices, Linear Algebra Appl. 179(1993), 211-235.
7. T. S. Cubitt, A. Lucia, S. Michalakis, D. Perez-Garcia, Stability of Local Quantum Dissipative
Systems, Comm. Math. Phys. 337 (2015), no. 3, 1275-1315.
8. R. L. Dobrushin, Central limit theorem for nonstationary Markov chains. I,II, Theor. Probab. Appl.
1(1956),65–80; 329–383.
9. E. Yu. Emelyanov, Non-spectral asymptotic analysis of one-parameter operator semigroups,
Birkha¨user Verlag, Basel, 2007.
10. Emel’yanov, E., Erkursun, N.: Generalization of Eberlein’s and Sine’s ergodic theorems to LR-nets.
Vladikavkaz. Mat. Zh. 9(2007) (3) 22–26.
11. Erkursun-Ozcan N., Mukhamedov F. Uniform ergodicities and perturbation bounds of Markov
chains on ordered Banach spaces, J. Phys.: Conf. Ser. 819(2017), 012015.
12. Erkursun-Ozcan N., Mukhamedov F. Uniform ergodicities of Lotz - Ra¨biger nets of Markov oper-
ators on ordered Banach spaces, Results Math. 73 (2018), no. 1, 35.
13. E. Yu. Emel’yanov, M.P.H. Wolff, Positive operators on Banach spaces ordered by strongly normal
cones, Positivity 7(2003), 3–22.
14. E. Yu. Emel’yanov, M.P.H. Wolff, Asymptotic behavior of Markov semigroups on non-commutative
L1-spaces, In book: Quantum probability and infinite dimensional analysis (Burg, 2001), 77–83,
QP–PQ: Quantum Probab. White Noise Anal., 15, World Sci. Publishing, River Edge, NJ, 2003.
15. K. J. Engel, R. Nagel, A short course on operator semigroups, Springer, New York, 2006.
16. F. Fagnola, R. Rebolledo, On the existance of stationary states for quantum dyanamical semigroups,
Jour. Math. Phys. 42 (2001), 1296–1308.
17. S. Gaubert, Z. Qu, Dobrushin’s ergodicity coefficient for Markov operators on cones and beyond,
Integ. Eqs. Operator Theor. 81(2014), 127–150.
PERTURBATION BOUNDS 21
18. P.R. Halmos, Lectures on ergodic theory, Chelsea, New York, 1960.
19. E. Hille, R.S. Phillips, Functional analysis and semi-groups. rev. ed., Amer. Math. Soc. Colloq.
Publ., vol. 31, Amer. Math. Soc., New York, 1957.
20. I.C.F. Ipsen, T.M. Salee, Ergodicity coefficients defined by vector norms, SIAM J. Matrix Anal.
Appl. 32(2011), 153–200.
21. G. Jameson, Ordered linear spaces, Lect. Notes Math. V. 141, Springer-Verlag, Berlin, 1970.
22. N.V. Kartashov, Inequalities in theorems of ergodicity and stability for Markov chains with common
Phase space, I, Probab. Theor. Appl. 30(1986), 247–259.
23. M. J. Kastoryano, J. Eisert, Rapid mixing implies exponential decay of correlations, J. Math. Phys.
54 (2013), 102201.
24. U. Krengel, Ergodic Theorems, Walter de Gruyter, Berlin-New York, 1985.
25. A. Lasota, T.Y. Li, J.A. Yorke, Asymptotic periodicity of the iterates of Markov operator. Trans.
Amer. Math. Soc. 286(1984), 751–764.
26. A. Lucia, T. S. Cubitt, S. Michalakis, D. Prez-Garcia, Rapid mixing and stability of quantum
dissipative systems, Phys. Rev. A 91 (2015), 040302.
27. A. Mitrophanov, Sensitivity and convergence of uniform ergodic Markov chains, J. Appl. Probab.
42 (2005), 1003–1014.
28. A. Mitrophanov, Stability estimates for finite homogeneous continuous-time Markov chains, Theory
Probab. Appl. 50 (2006), no. 2, 319–326
29. A. Mitrophanov, Ergodicity coefficient and perturbation bounds for continuous-time Markov chains.
Math. Inequal. Appl. 8 (2005), no. 1, 159–168.
30. A. Mitrophanov, Stability and exponential convergence of continuous-time Markov chains, J. Appl.
Probab. 40 (2003), no. 4, 970–979.
31. F. Mukhamedov, Dobrushin ergodicity coefficient and ergodicity of noncommutative Markov chains,
J. Math. Anal. Appl. 408 (2013), 364–373.
32. F. Mukhamedov, Ergodic properties of nonhomogeneous Markov chains defined on ordered Banach
spaces with a base, Acta. Math. Hungar. 147 (2015), 294–323.
33. F. Mukhamedov, Strong and weak ergodicity of nonhomogeneous Markov chains defined on ordered
Banach spaces with a base, Positivity 20(2016), 135–153.
34. F. Pastawski, L. Clemente, J. I. Cirac, Quantum memories based on engineered dissipation, Phys.
Rev. A 83(2011), 012304.
35. D. Reeb, M. J. Kastoryano, M. M. Wolf, Hilbert’s projective metric in quantum information theory,
J. Math. Phys. 52 (2011), 082201.
36. T.A. Sarymsakov, N.P. Zimakov, Ergodic principle for Markov semi-groups in ordered normal
spaces with basis, Dokl. Akad. Nauk. SSSR 289 (1986), 554–558.
37. E. Seneta, Non-negative matrices and Markov chains, Springer, Berlin, 2006.
38. A. Shabani, H. Neven, H, Artificial quantum thermal bath: Engineering temperature for a many-
body quantum system Phys. Rev. A 94 (2016), no. 5, 052301.
39. O. Szehr, M.M. Wolf, Perturbation bounds for quantum Markov processes and their fixed points,
J. Math. Phys. 54(2013), 032203.
40. O. Szehr, M. M. Wolf, Perturbation Theory for Parent Hamiltonians of Matrix Product States, J.
Stat. Phys. 159 (2015), no 4, 752-771.
41. S. Waeldchen, J. Gertis, E. T. Campbell, J. Eisert, Renormalizing Entanglement Distillation Phys.
Rev. Lett. 116 (2016), no. 2, 020502.
42. D. Yost, A base norm space whose cone is not 1- generating, Glasgow Math. J. 25 (1984), 35–36.
43. Y. C. Wong, K. F. Ng, Partially ordered topological vector spaces, Clarendon Press, 1973.
1 Department of Mathematics, Faculty of Science, Hacettepe University, Ankara,
06800,Turkey.
E-mail address: erkursun.ozcan@hacettepe.edu.tr
2 Mathematical Sciences Department, College of Science, United Arab Emirates Uni-
versity 15551, Al-Ain United Arab Emirates.
E-mail address: far75m@yandex.ru; farrukh.m@uaeu.ac.ae
